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In this pedagogical presentation we demonstrate basic physics of topological defects in
orientational ordering. We limit to two dimensional (2D) films. Different defect struc-
tures and pairs defect-antidefect are visualized in the applet presentation, which shows
also the corresponding interference textures simulating typical polarizing microscopy
experiment. The conservation of topological defect is shown on the case of 2D films
on curved surfaces. In different geometrical shapes with the same Euler characteristics
we demonstrate equilibrium (or at least relatively stable) nematic structures possessing
2 to 8 defects pairs with the winding number |M| = 1/2, where the sum of all defects
corresponds to My = 2.

Keywords Didactics of physics; topological defects; nematic liquid crystals; nematic
shells

1. Introduction

Topological defects have attracted scientists’ interest for years. They are ubiquitous, being
retraced in different branches of physics, such as condensed matter physics, particle physics
and cosmology. The first theory of topological defects was indeed proposed by cosmologists
[1] to explain the coarsening dynamics of the defect tangle in the early universe. Now, it
is also believed that they significantly influence the structure of universe. For example,
they might be good candidates to unveil the mystery of dark matter [2]. On the other hand,
they play an important, documented role in several applications, among which some are in
nano-based technology [3].

Defects are classified into different classes according to their topological charge by
the homotopy group theory [4]. This charge is a conserved quantity and controls the
transformations of defects (merging, annihilation, decaying). Therefore, an isolated defect
with a finite topological charge is topologically stable and cannot by itself be continuously
unwound, leaving no trace behind.

Due to their softness, liquid character and anisotropic optical properties liquid crystal
(LC) phases and structure are particularly appropriate media to study many classes of
defects [5]. In this contribution we present essential properties of defects in the nematic LC
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phase. The main purpose of our educational presentation is to present different defects and
their stability. The presentation content is focused on undergraduate students of physics-
educational branch.

The content of the paper is as follows. In Sec. 2 we present nematic defects is thin LC
films. We first consider different structures of defects in a flat film. Then we show some
examples on curved surface where different number of defects could be stabilized. In the
last section we summarize the content of the presentation.

2. Main Characteristics and Stability of Defects

2.1 Topological Characteristics

We first illustrate different possible defect structures in orientational ordering and their
main topological characteristics. For illustration purposes we use the simplest possible
presentation and consider rod-like LC molecules. The nematic orientational ordering is
described in terms of the nematic director field » pointing along a local average orientation.
The two dimensional (2D) model is considered where the nematic LC phase is confined
within a thin plan-parallel cell lying in the (x,y) plane of the Cartezian coordinate system.
In 2D main topological properties are described by the winding number M (also called
the Frank index) [6], which in this specific case is equivalent to the topological charge.
It is defined in terms of n surrounding the defect: M = ¢, /(27). Here ¢, describes the
effective rotation of n on encircling the defect origin in the clock-wise direction. Because
of symmetry reasons the winding number can have only half integer or integer values
[6]. Therefore M = £ 1/2, + 1, & 3/2, & 2.... The total winding number of a system
is a conserved quantity. A pair of defects of opposite winding numbers £M is commonly
referred to as a “defect” (M > 0) and “antidefect” (M < 0). Such defect-pairs can potentially
annihilate each other into a defectless state.

In the (x,y) plane one commonly parametrizes the director field as n = (sin 8, cos 6).
The elastic free energy density f, is in the simplest case (the so called approximation of
equal nematic elastic constants) expressed as [6]

oK (% : L (% ? @
2 \\ax dy '
where K is the representative nematic elastic constant. The corresponding Euler-Lagrange

equation reads % + 3279 = 0. The solution describing a family of defect structures is given
by

O(x. y) = MArcTan (x - xi) +cC. )
Yy =i

The origin of a defect is determined by (x;,y;), M is the winding number and C is a constant.
The corresponding free energy density reads

f. = KM?/(2p%), A3)

wherep = \/ (x — x;)? + (y — y;)*. Note that LC avoids the singularity at the defect’s origin
(p = 0) by melting, which consequently yields K = 0. In order to describe the defect core
configuration description of LC order in terms of the tensor order parameter is required [6].
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Figure 1. The applet presentation of different defect structures in 2D flat film (see [7]). (a) The
director field distribution of the defect with M = 1. (b) Calculated typical interference pattern of a
pair of defects M = 1 and M = —1, which simulates polarizing microscopy experiment.
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Figure 2. Graph showing variation of A on a nematic film covering a sphere. (a) The two dimensional
A = A(u, v) dependence. We show the example where the radius of the sphere is about order of
magnitude larger with respect to the nematic order parameter correlation length. The defect sites
are signaled by A = 0 and X, determines value of in an undistorted LC film. (b) The corresponding
A spatial variation in 3D Cartezian coordinate system.

We further emphasize that f, o M?. Therefore from energy point defects possessing low
values of M are favored.

Different defects structures (single defects and pairs defect-antidefect) in 2D on vary-
ing M and C and corresponding typical interference patterns obtained in a polarization
microscopy experiment are presented in our applet [7]. Its content is described in de-
tail in [8]. In Fig. 1 we show some illustrative examples. In Fig. 1a is depicted a defect
characterized by M = 1. In Fig. 1b we show interference texture of a pair M = 1 and
M=-1.

2.2 Stability of defect structures

The total topological charge, i.e., the total winding number M,,, in 2D, is determined by
the Euler characteristics sy of the surface. For the closed surface it can be expressed as [9]

X:V—E+F=#Kgd72, @)
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(a)

(b)

Figure 3. Defects residing on elliptical surface. Depending on the ration a/b there could be either 2
or 4 defects. (a) 4 defects with M = 1/2, a/b = 1.5. (b) 2 defects with M = 1, a/b = 3.

where V, E, and F stand for the numbers of vertices (corners), edges and faces of poly-
hedrons for a given polygonization of the surface, and K, stands for the Gauss curvature
of the surface, respectively. In 2D it further holds x = M,,,. For example, for surfaces
isomorphic to a sphere or to a torus, it holds x = 2 and x = 0, respectively.

In order to study defect configurations and their defect structures in thin films it is convenient
to use the parametrization [10]

Q=xrn®n—n,@ny). &)

The order parameter Q is expressed in the diagonal form, where the orthogonal unit vectors
n and n, lie within a film. The quantity A measures the degree of nematic ordering on
the surface described by the coordinates (u,v). More details about Q and the corresponding
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Figure 4. Defects residing on curved surface. In the case shown 6 defects are stable. The total
sum of winding numbers equal M, = 2. In (a) and (b) we show the configurations from difterent
perspectives. a = 1.69,b = 0.8, Ab =0.4.

theory, which has been developed by E.G. Virga and R. Rosso, is given in [10]. Below we
present some structures that are calculated using this approach. The X (u, v) surface plots
well reveal topological defects and their core structure. Namely, at defect origins it holds
A = 0. Below we present some spatial variations of A on surfaces of revolution described
by

r = p(v)cos (u) ex + p(v)sin(u) e, + z (v) e, (6)

where the unit vectors ey, e s e. define directions of the Cartezian coordinate system (X,y,z),
and u € [0, 27]. In Fig. 2 we show a two-dimensional plot of A on an ellipsoid, which is
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Figure 5. Defects residing on curved surface. The case with 8 defects is shown. The total sum
of winding numbers equals M, = 2. In (a) and (b) we show the configurations from different
perspectives. a = 1.0,b = 0.8, Ab = 0.4.

parametrized as
p(v) = bsin(v), z(v) = acos(v), @)

v € [0, m]. In Fig. 2a we show A(u, v) variation, which clearly reveals four defects. They
are all characterized by M = 1/2, thus M,,, = 2. In Fig. 2b we plot the corresponding A
variation in the Cartezian coordinate system. Colored regions reveal the presence of defects.

Rough analysis suggests (see Eq. (3)) that in thin films defects with |M| = 1/2 are
favored and that there is tendency to minimize number of defects. We next demonstrate
that by varying geometrical details and elastic constants different numbers of defects
appear in equilibrium configurations. For this purpose we confine our interest to geometries
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isomorphic to a sphere, characterized by M,,, = 2. In Fig. 3b we show the case with two
defects bearing M = 1, which is driven geometrically by imposing a >> b (for details see
[10]). The configuration of 4 defects is stable only below a critical value of the ratio a/b
(see Fig. 3a), which depends also on temperature and LC material properties.

In Figs. 4 and Figs. 5 the cases with 6 and 8 defects are shown, respectively. In these
geometries we used the parametrization

p(v) = bsin(v) + Absin(3v), z(v) = acos(v). ()

The appearance of additional defects was triggered either by changing the geometry or
elastic constants. In this respect, an important role is also played by the saddle splay
constant k4 (for details see [10]). In Fig. 4 the winding numbers of defects are as follows.
The two defects at the upper part and the three defects at the bottom region all bear M =
1/2. On the contrary the defect in the equatorial region possesses M = —1/2. Fig. 5: The
three defects at the upper part and the three defects at the bottom region all bear M = 1/2.
The two defects in the equatorial region posses M = —1/2.

3. Summary

In our educational presentation we demonstrate basic characteristics of topological defects
in nematic ordering in thin nematic films. In this case the main topological characteristics
are played by the winding number M. The total winding number M, is the conserved
quantity and is determined by the Euler characteristics of the surface. Different defect
structures are shown in the applet presentation [7] in terms of the nematic director field.
The typical corresponding interference textures are also shown, which could be obtained
in conventional polarizing microscopy experiment. The defect conservation, merging and
splitting are demonstrated on curved surfaces exhibiting cylindrical symmetry. The 2D
formalism in terms of tensor order parameter Q was used which has been recently developed
by Pavia group [10]. Using it the cores of defects are well visualized. Furthermore, at defect
sites the eigenvector A of Q vanishes. We study different geometries which are isomorphic
to a sphere. In this case M, = 2. We show equilibrium (or quasi equilibrium) cases where
total number of defects equals 2, 4, 6 or 8. The defects posses either M = 1/2 or M = —1/2.
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